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a-STABLE PROCESSES* 



XICHENG ZHANG 



Abstract. In this paper we prove a derivative formula of Bismut-Elworthy-Li's type as well as 
gradient estimate for stochastic differential equations driven by or-stable noises, where a € (0, 2). 
As an application, the strong Feller property for stochastic partial differential equations driven 
by subordinated cylindrical Brownian motions is presented. 



1 . Introduction and Main Result 

The derivative formula of diffusion semigroups about the stochastic differential equations 
(SDEs) on Riemannian manifolds was originally introduced by Bismut in [4], and used to de- 
rive the estimates of heat kernels and large deviation principles. His approach is based upon 
the Malliavin calculus. In [8], Elworthy and Li used simple martingale arguments to derive a 
derivative formula for a large class of diffusion semigroups on Riemannian manifolds. Nowa- 
days, this type of formula has been proved to be a quite useful tool in various aspects such as 
functional inequalities, heat kernel estimates, strong Feller properties and sensitivity analysis, 

see mi, ®, a mu, m, m etc. 

Due to various successful applications, recently, there is great interest to establish an analo- 
gous derivative formula for jump-diffusion processes. In (5), Cass and Fritz proved a derivative 
formula of Bismut-Elworthy-Li's type for SDEs with jumps and nondegenerate Brownian dif- 
fusion term. In [181, Takeuchi proved a similar formula for some pure-jump diffusions with 
finite moments of all orders. However, their works rule out the interesting a-stable processes. 
In 03J), Wang used the coupling method and Girsanov's transform to prove a derivative formula 
for linear SDEs driven by pure-jump Levy processes including a-stable processes, where the ex- 
plicit gradient estimates and heat kernel inequalities are also derived. For infinitely dimensional 
Omstein-Uhlenbeck processes with cylindrical a-stable processes, using the infinitely dimen- 
sional analysis, Priola and Zabczyk [fT5l established an explicit derivative formula in terms of 
the distributional density of a-stable processes. Then the strong Feller property was obtained 
for a class of semilinear stochastic partial differential equations (SPDEs) driven by cylindrical 
a-stable processes, where a e (1,2). 

In this paper, we aim to establish a derivative formula of Bismut-Elworthy-Li's type for non- 
linear SDEs driven by a- subordinated Brownian motions. Before moving on, we first recall the 
classical derivative formulas for diffusion semigroups. Let {V7 f }^ be a standard J-dimensional 
Wiener process. Consider the following SDE in W'\ 

dX t (x) = b t (X t (x))dt + cr • W t , X (x) = x, (1.1) 

where cr is a d x d invertible matrix, and b : [0, oo) x R d — » W 1 satisfies that 
(H) b has continuous first order partial derivatives with respect to x, and 

\\Vb\U < +co, 
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where Vb s {x) := (d x ib s (x), • • • , d^b^x)) and || • IU denotes the uniform norm with respect 
to s and x. 

It is well-known that there are at least two forms of derivative formulas: for any function / e 

C l b (R d ) and h e R d (see 0U EH), 

V h Ef(X t (x)) = ^E\f(X t (x)) £ a l [h + (t - s)V h b s (X s (x))]dWj (1.2) 

and (see GUI) 

V h Bf(X t (x)) = jEl/(Z f (x))^" cr ' • V^(x)dWJ, (1.3) 

where for a function <p, V h (p := (Vcp,h) denotes the directional derivative along h, and V h X,(x) 
satisfies the following linear equation: 

V h X t (x) = h+ f Vb s (X s (x))-V h X s (x)ds. (1.4) 
Jo 

The difference between (11.21) and (11.31) lies in that in formula (|1.21 ). V£ is allowed to be polyno- 
mial growth as in IfTTl 1201 12T1 . while in formula (11.31 ). Vb usually needs to be bounded. Below, 
we shall see that formula (11.31 ) is crucial for us since b does not appear explicitly in (|1.31 ). 

Now we turn to the case of SDEs driven by a-stable processes. For a e (0,2), let {S ,} t> o 
be an independent a/2-stable subordinator, i.e., an increasing R-valued process with stationary 
independent increments, and 

Ee i«5 ( = Q M°>\ 

It is well-known that the subordinated Brownian motion {W5 ; } f>0 is an a- stable process (cf. 
j3l[T7]|). Let us consider the following SDE in R d driven by Ws,'- 

dX t (x) = b t (X t (x))dt + cr ■ dW St , X (x) = x. (1 .5) 

The generator of Markov process {X t (x), (>0,ie R.''} is given by 

X ( /(x):=P.V. f (f(x + oy)-m)-^+b t (x)-Vnx), 

Jr<i \y\ 

where P.V. stands for the Cauchy principal value. Notice that if b t (x) = b (x) is time homoge- 
nous, then u t (x) := Bf(X t (x)) solves the following integro-differential equation (cf. [|6ll22l): 

d t u t (x) = £ou(x), u = f. 

The main aim of the paper is to derive a formula for VEf(X t (x)) as stated follows: 

Theorem 1.1. Under (H), for any function f 6 C [ b (R d ) and h e R d , we have 

V h Ef(X t (x)) = E U-f(X t (x)) ^ a 1 ■ V h X s (x)dW s \ , (1.6) 

where V h X s {x) is determined by equation ( 17.41) . In particular, for any a 6 (0, 2) and p e ( 1 , oo], 
there exists a constant C = C(a, p) > such that for all t > 0, 

\VEf(X t (x))\ < C\\a-^ m ^(E\f(X t (xW)', (1.7) 
where \\o~~ ] -\\ := sup w=1 Icr" 1 ^! and \ ■ | denotes the Euclidian norm. 

Remark 1.2. From equation ( 17.41) . it is easy to see that s i— > VhX s (x) is a bounded and contin- 
uous o-{W Sr : r < s}-adapted process. Thus, the stochastic integral in ( 17 .(51) makes sense. 
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We now introduce the main idea of proving this theorem. Let W be the space of all continuous 
functions from [0, oo) to ~R d vanishing at starting point 0, which is endowed with the locally 
uniform convergence topology and the Wiener measure ju w so that the coordinate process 

W t (w) = w t 

is a standard J-dimensional Brownian motion. Let S be the space of all increasing and cadlag 
functions from (0, oo) to (0, oo) with lim 4 .j_ t s = 0, which is endowed with the Skorohod metric 
and the probability measure /i§ so that the coordinate process 

sm-.= t t 

is an a/2-stable subordinator S t (cf. (3HT71I)- Consider the following product probability space 

(Q, ^,P):=(Wx S, #(W) x MS),fiw x// : ). 

and define 

L t (yv,€) :=w it . 

Then {L t } t>0 is an a-stable process on (Q,, P). We shall use the following two natural filtra- 
tions associated to the Levy process L t and the Brownian motion W t : 

& t := o-{L s (w, €):s<t], := cr{W s (w) :s<t}. 

In particular, we can regard the solution X,(x) of SDE (11.51 ) as an (^)-adapted functional on Q,, 
and therefore, 

Ef(X t (x))= [ [ f(X t (x;w € .))M W (dw)fi s (d€). 

For £eS, let Xf(x) solve the following SDE: 

dXf(x) = b t (Xf(x))dt + a ■ dW e „ X € (x) = x. (1.8) 

Now, our task is to establish a formula for Vf l W w f(Xf(x)). This is not obvious since 1 1-» Wi t is 
not continuous and the classical Bismut-Elworthy-Li formula can not be used directly. 

The remainder of this paper is organized as follows: In Section 2, we shall prove a formula 
for V h E m f(X c t (x)) by suitable approximation for i t . In Section 3, we prove Theorem ll.il In 
Section 4, we prove the strong Feller property for nonlinear SPDEs driven by subordinated 
cylindrical Brownian motions. 

2. Derivative formula of SDEs under nonrandom time changed 

In this section, we fix an t e S and consider SDE (11 .8b . If there is no special declaration, all 
expectations are taken on the Wiener space (W, e^(W),// w ). First of all, notice that t h-> W Ct is a 
Gaussian process with zero means and independent increments. In particular, 

W e , is a cadlag J^-martingale. 

Thus, under (H), it is well-known that for each x 6 W 1 , SDE (11.8b admits a unique cadlag 
(J^ w )-adapted solution X%x) (cf. El p.249, Theorem 6]). 

The main aim of this section is to establish the following formula: 

Theorem 2.1. Under (H), for any function f e C l b (W l ) and h e R d , we have 

V h Ef(X e t (x)) = El^/(Zf(x))^ o-- 1 ■ V h X { s (x)dwA, (2.1) 

where V^X^(x) is determined by the following linear equation: 

V h X { t (x) = h+ [ Vb s (X%x))-V h X { s (x)ds. (2.2) 
Jo 
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For proving this formula, we shall use the time changed argument to transform SDE (11.81 ) into 
an SDE driven by standard Brownian motions, and then use the classical Bismut-Elworthy-Li 



formula (11.31) . For this aim, for e e (0, 1), we define 

C s t := i J £ s ds + st = J € ss+t ds + st. (2.3) 

Since t i-» t t is increasing and right continuous, it follows that for each t > 0, 

t s t it t as eiO. (2.4) 

Moreover, t i-» l s t is absolutely continuous and strictly increasing. Let y £ be the inverse function 
of t E , i.e., 

£ £ = t,t>£ E l and yi = t, t>0. 
By definition, y £ is also absolutely continuous on [£ E , oo). Let us now define 

Yf(x):=X ( *(x), t>£ E . 
By equation (11.81) and the change of variables, one sees that for t > € e Q , 

rrf 

Y({x) = x + \ b s (Xf(x))ds + <r-W t 
Jo 

= x+ f b rs (Yf(xW s ds + cr-W t . 
Hence, one can use the classical Bismut-Elworthy-Li formula (see (11.31) ) to derive that 

V„E/(lf (x)) = ±E |/(lf (x)) ^ a' 1 ■ V h Yf (x)dW,J , f > 1% 
where V^Yfix) satisfies 

V h Yf (x) = A + f V^CFf (x))V,Ff (x)y>. 

Clearly, for each ? ^ 0, 

r|(x) = xf (x), v A y|(x) = v^zf (x), 

and therefore, 

V„E/(Xf (x)) = ^E(/(Zf (x)) ^ ' (r" 1 • V h Yf (x)dW s 

= 1e l/(Xf (x)) (T" 1 • VfcXf (x)d^ f j . (2.5) 

Now we want to take limits for both sides of the above formula. We need several lemmas. 
First of all, the following lemma is easy. 

Lemma 2.2. For any p > 1 and t > 0, we have 



and for any x,h e 



lim E ( sup \X] (x) - X] (x)\ p ) = 0, (2.6) 



limE ( sup \V h Xf (x) - V,Zf(x)P) = 0, (2.7) 

e -l° \.ve[0,f] / 



where 

V h xf(x) = h + f Vb s (Xf(x))-V h Xf(x)ds. (2.8) 
Jo 

Proof. For simplicity of notation, we drop the variable "jc" below. From equation (|1.8I ). we have 

|Xf - | < ||V^|U f |Xf - X e s \ds + \o--W cf -cr- W it \. 
Jo 

By Gronwall's inequality, we get 

\X?-X< t \<^ t \o--W e e-o--W €t \, 

which then gives (f2T6b by (T2T41) . 

As for by (|2J2> and (12T21) we have 

\V h Xf - V h X € t \ < f |V^(Xf )| • |V,Xf -V^|dj + f I 
Jo Jo 

which yields by Gronwall's inequality that 

\V h Xf - V h X e t \ < e l|Vfo|l » ( f |V*,(Xf ) - Vb s (Xi)\ ■ \V h X { s \ds. 

Jo 

Moreover, from equation (12.21 ), it is easy to see that for any p > 1, 

sup E|V A Xf| p < C. 

se[0,f] 



) - vi,(^)l • iv*x?|ds, 



Limit (|2.7I) now follows by the dominated convergence theorem, (|2.6I) and the continuity of 
x i-» VZ? i$ (x). □ 

We also need the following lemma. 

Lemma 2.3. ( z'J Assume that % t is a bounded continuous and ( ^-adapted R d -valued process. 
For each p, T > 0, we have 



limE 

ej.0 



r % s dwe s - r &dw, 

Jo Jo 



= 0, 



(2.9) 



where t s s is defined by d2.3D . 

fii) Assume that % t is a left continuous and (^^)-adapted R d -valued process and satisfies 
that for some p > 0, 

V 

|£ s .| 2 d4 < +oo, vr >0. (2.10) 



(2.11) 



TTzen there exists a constant C„ > swc/i that for all T ^ 0, 



E sup 

W[o,r] 



r i£vi 2 d4 

Jo 



Proof. Without loss of generality, we assume T = 1 and J = 1. 
(i) For neN, set 4 := k/n, k = 0, 1, • • • , n and define 

n-l 



/t=0 



By the continuity of t i-» it is clear that 



lim sup |£ - f,| = 0. 

"^°°.ve[0,l] 



(2.12) 



Set 



77„, £ := f £?dT% f &d^, 

Jo Jo 

Jo Jo 



Noticing that Wp is a continuous (^„y)-martingale and 

[W*.] t = 

by Burkholder's inequality (cf. |[T2l p. 279, Proposition 15.7]) and (12.41) , we have for any p > 0, 



E|77„, £ - r] E \ p = 



(£-6)dWi. 



< CE ( f |£ - &| 2 d<) < C(^)§ E ( sup \f s - 

\Jo / Wio.i] / 



Hence, by the dominated convergence theorem and (|2.12l) . 



lim sup E|?7„, e - tj e \ p = 0. 

s€(0,l) 



On the other hand, for fixed n e N, by (12.41) we have 



MVn,e - *ln\ P = 



n-l 



We - W tt + W e , ) 

l 'k+\ 



k=Q 



n-l 



k=0 



Combining the above calculations, we obtain (|2.9I) . 

(ii) We first assume that % t is continuous and bounded by K. Let Q be the set of all rational 
numbers in [0, 1]. By (12.91) . there exists a subsequence eu [ such that 



f £ s dW fk -» f £AW e „ W e Q, P - 0.5. 
Jo Jo 



Therefore, 



sup 

te[0,l] 



r f,dwi, )=e(su P r &dw/ f 

Jo I / \/eQ Jo 



= E ( sup lim 

teQ £ ki° 



f 

Jo 



Since Wft is a continuous (J^)-martingale, by Fatou's lemma and Burkholder's inequality 
again, we have 



El sup 

\te[0,l] 



f 

Jo 



< lim E sup 



< C, 



Jo 

limE( f |&| 2 d* 

E/fclQ wo 



= C " E (I 



l^| 2 d^, 



(2.13) 



where the last limit can be proved as in (i). 

Next, assume that f t is left-continuous and bounded by K. Define 



£ s ds, s > 0. 



(f-e)VO 
6 



Then £f is a continuous and bounded (^*)-adapted process. By (12.131) we have 

n 



lim E sup 

£,£'10 \ /e [0,l] 



£,£'10 



<Clim| I \g-g\ 2 d£A =0 



So, (12.1 II) holds for left-continuous and bounded (J^^-adapted process. 
In the general case, we truncate % t as follows: for K > 0, define 

?f :=(-*) v& A*. 
By the dominated convergence theorem, we have 



lim E sup 

K,K'^>oo 1 



Ve[0,l] 

The proof is complete. 



Jo Jo 



< C„ lim 



K,K'^co 



Jo 



d€, =0. 



□ 



Remark 2.4. For p > 1, Burkholder's inequality (cf. lfT2l p.443, Theorem 23. 12] J, we have 



E sup 

Wo.r] 



(2.14) 



where x means that both sides are comparable by multiplying a constant, and \Wt\t denotes the 
quadratic variation of(Wt)t>o given by 

[W e ] t = €,~Y 4 M s + J] IAW/J 2 . 

0<s<t 0<s<t 

Except for the case of p = 2, it is not known whether the right hand sides of 112.1 li and < \2.14\) 
are comparable. 

Lemma 2.5. For all t > 0, we have 

lim e|^" cr _1 • V h Xf (x)dW% j =EU ct- 1 - V A Xf Wd^, J . (2.15) 

Proof. For simplicity of notation, we drop the variable "jc" below. Since ^ > € s by definition, 
Zf and X e s are (J^)-adapted. Thus, for proving (I2.15I ). it suffices to prove the following two 
limits: 

2 

= 



limE 

£10 



Jo 



and 



limE 

ej.0 



Jo Jo 



= 0. 



(2.16) 



(2.17) 



For (12.16K by the isometry property of stochastic integrals and (|2.7I) . we have 

2 



limE 

£10 



Jo 



= limE 

£10 



Jo 



< I |o-- 'I | 2 lim El sup \V h Xf - V h X c s 



£10 



t\2 \ pi 



>e[0,f] 



0. 



Limit (12T7T) follows by Lemma 1231 



Proof of Theorem [27TJ By (1X31) . (1X61) and (12.151) . the right hand sides of (1231) converges to 
the one of (12.71) . On the other hand, by (12.61 ) and (12.71 ). we have 

V h Ef(Xf(x)) = E(Vf(Xf(x)) ■ V h Xf(xj) -> E(v/(Xf(x)) • V ft Xf(;t)) = W h Ef(X € t (x)). 

3. Proof of Theqrem I1.1I 
The following lemma follows by the monotone class theorem. 
Lemma 3.1. Let t > and A e & t . For any I e S, we have 

{w 6 W : w e e A} e J^ w . 
Below we recall a result due to Gine and Marcus [fTOl . 
Theorem 3.2. Let g t be a left continuous (^ t )-adapted R d -valued process and satisfies 

B\&\ a ds < +oo, \fT > 0. 



Then there exists a constant C = C(a) > such that for all A> and T > 0, 









\ sup 




») 


Ue[0,r] 


Jo 





-<* r r Eif,rds 

Jo 



/n particular, for any p e (0, or) an J some C = C(ar, p) > 0, 



E sup 

Ve[0,r] 



Proof. Define 
Then for any rj > 0, 



<T := sup 

fe[0,r] 



r 

Jo 



(3.1) 



Jo 



Xoo / /-.); f" x '\ 

A p ~ l P(£ > A)dA = p\^J + J j A p - l P{C > XflA 

p A^dA + pC E\£ s \ a ds 

JO JO Jn 



A p ~ a ~ dA 



< rf + 



Cp 



rf~ a f E|£,fds. 
Jo 



p - a 

Taking 77 = ( J Q J E|f,| a ds)" , we obtain (IBTTT) . 



□ 



Below we prove a substitution formula about stochastic integrals with respect to the subordi- 
nated Brownian motion W Sl . 

Proposition 3.3. Assume that g t (Ws ) is a bounded and left continuous ( & t )-adapted W 1 -valued 
process. Then for any T > 0, we have 



f UW s )dW Ss = f UW e )dW £ 
Jo Jo 



P - a.s. 



i=s 



Moreover, for any nonnegative random variable g on S and p > 0, we have 



g(S) sup 

'£[0,71 



Jo / Js 



(3.2) 



(3.3) 



Proof. The proof is the same as in Lemma 1231 Without loss of generality, we assume T = 1. 
For given neN, set tk '.= k/n, k = 0, 1, • • • , n and define 



n-l 



1=0 



g(W s ) := &(W s )l m (s) + £^W s )l ( ,,, +l] (>). 
Then, by definition we have 

~1 n-l 

e s (W s )dW Ss = y^(W s )(W St+ -W St .) 
Jo to 

= 2^)0^, - Wj = f£(Wt)dWe s 
i=0 ^° 

and by the left continuity of s i-» f s (Ws), 

lim|^(W s )-^(W s )| = 0, s>0. 

For p e (0, a), by (13.11) we have 



(3.4) 



f <£ 

Jo 



(W s )-^(W s ))dW S! 



< C 



Jo 



(W s )-^(W s Fds->0. 



On the other hand, by Lemma |3~TT1 for each t e S and s > 0, f ,(W*) is (J^ w )-adapted. Thus, by 
(12.1 II) we have 



e=s 



Js \Jo 



(W,)-^(W f ))dW, 



<C 



= CI 



Jo 



(W s )-UW s )\ 2 dS, 



which converges to zero by (13.41 ) and the dominated convergence theorem. Combining the above 
calculations, we obtain (13.21) . Lastly, (13.31) is an easy consequence of (13.21) and (12.111) . □ 

We are now in a position to give 

Proof of Theorem 11.11 Formula ( 11.6b follows by (12.1b and (13.2b . We now prove gradient 
estimate (11.7b . By Holder's inequality, we have 

|V,E/(Z t (x))|<E|i- 



f(x t (x)) f a 1 ■ vMxyaw. 

Jo 

(E\f(X t (xwf l^yf v { ■ V h X s (x)dW : 



where - + ^ = 1 . By (|1.4b . it is easy to see that 



\V h X t (x)\ < |/i|e 



Thus, by ([3.3b we have 



Jo 



<C fl 



4e / *( f Icr" 1 

# Wo 



W h X s (x)\ 2 d€ s \ fi$(d€) 



< C 9 ||o-- 1 ||*|/i| 9 e 9l|Vi|U f 



Recalling that the distributional density of or-stable subordinator satisfies (cf. [|5] (14)]) 

PoS;\ds) < Cts- l -h- u ~* ds, 

we have 

J: ^ /2 UfJ Jo Jo 

where the last equality is due to the change of variable u = ts~%, and C only depends on a, (7. 
Combining the above calculations, we obtain (|1.7I) . 



4. Strong Feller property of SPDEs driven by subordinated cylindrical Brownian motions 

Let H be a real separable Hilbert space with the inner product (•, -> H . The norm in H is denoted 
by || • || H . Let A be a negative self-adjoint operator in H with discrete spectrals, i.e., there exists 
an orthogonal basis {e k } kers and a sequence of real numbers < Ai < A 2 < • • • < A k —* 00 such 
that 

Ae k = -A k e k . 

Let {Wf, t > OJfeN be a sequence of independent standard 1-dimensional Brownian motion. Let 
{L t } t> Q be the subordinated cylindrical Brownian motion in H defined by 



L t :=J]j3 k W k s e k , fi k e R, 



i<=\ 

where 5, is an independent a/2-stable subordinator. 
Consider the following SPDE in Hilbert space H: 

dX t (x) = [AX t (x) + F(X t (x))]dt + dL t , X = x e H. (4.1) 

Our aim of this section is to prove that 

Theorem 4.1. Assume that for some 8 > 0, 

00 n2 

/3 k >5, V£ e N and Y — < +00, (4.2) 

ti Ak 

and one of the following conditions holds: 

(i) or 6 (1, 2) and F : H — » H is Lipschitz continuous; 

(ii) a e (0, 2) and F : H — » H is bounded and Lipschitz continuous. 

Then there exists a constant C = C{a) > such that for any bounded Borel measurable function 
f : H -> R, x,y e Randt > 0, 

\Bf(X t (x)) - Ef(X t (y))\ < C5c m ^'t^\\f\Ux - y\k, (4.3) 

w^||F|| Lip :=sup^^^. 

Let us first prove a result about the following stochastic convolution (cf. lfT5 . Theorem 4.5]): 

Zf := e^dL, = Y A z^- s) &W k s e k . 
Jo Jo 
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Proposition 4.2. IfY*k=\Pkl^k < +0 °' then for any p e (0, a) and t > 0, we have 



?A\\P 



€ C 



1-2 

V 2 . 



(4.4) 



Proof. Recall the following Gaussian formula (cf. [1131 Appendix A.l]): Let {gk}ken be a se- 
quence of independent random variables defined on some probability space (Q.', , P') with 
normal distribution N(0, 1), and {ck}km a sequence of real numbers. Then 

o P 



k=\ 



/ oo 



\k=\ ) 



r \x\ p ,2 
—j=z~~ 2 



dx. 



Using this formula and by Fubini's theorem and (13.11 ). we have 



A p E\\ZX= a p 1 



/ oo rt 
oo ~, 





2\ 


1 






= EE' 




t 





-Mt-s) dw k 



-A k {t-S)$yyk 



< CI 



k=l 

( x \ 

2-2A k (t-s) 



2 -2A k (t-s) 



ds 



W < C 



CO 



/ 00 . |2 \| 



i-2 



The proof is finished. 

We now establish the following existence and uniqueness of mild solutions to equation (14~T 



□ 



Proposition 4.3. Assume that F : H — » H zs Lipschitz continuous and Zfcli/^Mfc < +°°- TTien 



/or eac/z xeH, ?/We existo a unique X t (x) e H satisfying 

Jo 



X, = e At x + 



s) F(X s )ds + Zf 
Proof. Consider the following deterministic equation: 



(4.5) 



Y, = e At x + 



Jo 



F(Y S + Zf)ds. 



Using the standard Picard's iteration, it is easy to see that there exists a unique Y e C([0, 00); H) 
satisfying the above equation. Thus, X t = Y t + Zf satisfies (14.51) . □ 

Let H„ := {x = Ylk=\ c k e k, Q e R} and Ti n the projection operator from H to H„ defined by 

n 

n„x := ^j{x,e k ) m e k . 

k=0 

Let p n be a sequence of nonnegative smooth functions with 

supp(p„) c {z e H„ : \ z \< l/n}, I p n (z)dz = 1. 

Jh„ 



Define 



and 



F n (x) := I p„(n„jc - z)Il„F(z)dz 

Jh„ 
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Consider the following finite dimensional approximation of equation (14.11 ): 

dX," = [U n AX'; + F n (X?)]dt + dL% X n = U n x. 
Lemma 4.4. Under the assumptions of Theorem \4. 1\ for any fixed t > and x e H, we have 

lim||Xf(n^)-TO|| H = 0, P-a.s. (4.6) 

n—>oo 

Proof. By Duhamel's formula, one can write 

X n t = e At U n x + f e A(t - s) F n (X n s )ds + U n Zf. 
Jo 

Set 

1? :=X n t -YV n Z A , Y t :=X t -Z?. 
Then ^ 

y; ! -y = c At (u nX -x) + f e A(f - s \F n (Y n s +n n zf)-F(Y s + zf))ds. 

Jo 

Hence, 

\\Y';-Y t \k<\\U n x-x\\ II + f \\F n {Y n s +Ii n Z A )-F{Y s +Z A )\\ m ds. 

Jo 

Notice that 

\\F n (Y n s + n n z A ) - f(y s + z A )\\ m < ||F|| Lip (||y; - y v || H + ||(n„ - i)z%) 

+ \\(U n -DF(Y s +Zf)\\ B 

and 

lim ||(n„ - I)Z A || H = 0, lim ||(n„ - 7)F(y 4 . + Z A )|| H = 0. 

(i) If a 6 (1, 2) and F is Lipschitz continuous, by (14.41) and the dominated convergence theorem, 
we have 

M\\Y?-Y t \\ H <C f lim" ||y; - y 5 || H ds, (4.7) 

n—>co J„ n—*co 

which then gives 

Tim"]|y; ! -yii H = o. (4.8) 

n—*co 

(ii) If a 6 (0, 2) and F is bounded, by Fatou's lemma, we also have (14.71) and (14.81) . □ 

Proof of Theorem 14.11 For any function / e C£(H), by (11.71) with p = oo, there exists a 
constant C = C(o') > such that for all x,y eM and t > 0, 

|E/(X?(TL.x)) - E/(^(n„y))| < C6\\f\U ]]VF " ]U t^\\U n x - U n y\\ m 

<C<5||/||ooe ll ^p , r^|U-y||H. (4.9) 

By taking limits for (|4.9I) . we get (14.31) for any / 6 C^(H). For general bounded measurable /, 
it follows by a standard approximation (see [|7] p. 125, Lemma 7.1.5]). 

Example: Consider the following nonlinear stochastic heat equation in [0, 1] with Dirichlet 
boundary conditions: 

d t u = [Aw + b(u)]dt + dL t , u t (0) = u t (l) = 0, w = <p, 

where b : R — » R is a Lipschitz function, and <p e L 2 ([0, 1]) =: H. It is well-known that A = A 
is a negative self-adjoint operator on H with eigenvalues 

A k = n 2 k 2 , k e N, 
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and eigenvectors 

e k (0= V5sin(K*£), £€[0,1]. 

In particular, 




Thus, if one takes yS* = 1, then (14.21 ) holds. 
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